Abstract: We give a generating function for the number of unimodal permutations with a given cycle structure.
Introduction
The problem of determining the number of unimodal permutations with a given cycle structure was proposed by Rogers [11] , motivated by problems related to the structure of periodic orbits of one dimensional dynamical systems. Partial results have since been obtained by Weiss and Rogers [13] and more recently by Gannon [2] . The proofs of these results proceed by construction of explicit bijections. In this note, we propose another approach, leading to a complete solution in the form of a generating function. Our main tool is the theory of symmetric functions.
Recall that a permutation σ ∈ S n is said to be unimodal if for some m ∈ I n = {1, 2, . . . , n}, σ(1) < σ(2) < . . . < σ(m) > σ(m + 1) > . . . > σ(n) .
The set of such permutations will be denoted by U n . For a partition α = (1 a 1 2 a 2 · · · n an ) of n, let u α be the number of unimodal permutations having α as cycle type (i.e., having a 1 fixed points, a 2 2-cycles, etc.), and let p α = p
an n (here, the p k , k ≥ 1 are independent variables, interpreted in the sequel as power-sum symmetric functions).
, where µ is the Möbius function. The cycle enumerator of unimodal permutations is given by
The coefficient of p n being obviously equal to 2c n , we recover the result of Weiss and Rogers [13] :
The number of transitive unimodal permutations in S n is equal to c n .
The specialization p n = t n leads to various generating functions. The simplest example is of course the identity
which is easily checked by expanding the logarithms of both sides, and amounts to the well-known fact that |U n | = 2 n−1 . Then, if we denote by u
n the number of σ ∈ U n having no k-cycle, we find
For example, the number of unimodal permutations without fixed points (derangements) is seen to be u
, in accordance with [2] . Finally, we note that the generating function for the number v 
Background
An integer d ∈ {1, 2, . . . , n − 1} is said to be a descent of a permutation σ ∈ S n if σ(i) > σ(i + 1). Let Des (σ) = D = {d 1 , d 2 , . . . , d r } be the descent set of σ. It is customary to encode it by a composition I = (i 1 , . . . , i r+1 ) of n in r + 1 parts, called the shape of σ, defined by the lengths of the rows form the composition (2, 2, 1, 3) of 8, corresponding to the descent set {2, 4, 5}. Thus, unimodal permutations are those of shape (n−k, 1 k ) for some k = 0, . . . , n−1. The number a α,I of permutations of shape I and cycle type α is known to be equal to a scalar product of symmetric functions, which may sometimes be evaluated in closed form [5] .
Let Sym = Sym(X) be the ring of symmetric functions in the set of indeterminates X = {x 1 , x 2 , . . .}, endowed with its standard scalar product for which the Schur functions s λ form an orthonormal basis (see, e.g., [9] ).
Let h n = h n (X) = s (n) (X) be the complete homogeneous symmetric functions, defined by the generating series
x n i be the power sums. We shall need the Witt symmetric functions
where g • f denotes the plethysm of f by g, and the MacMahon symmetric functions (or ribbon Schur functions, denoted by h I in [10] )
The number a α,I of permutations of shape I and cycle type α is equal to r I , L α .
This result was originally obtained by means of a combinatorial argument. Recently, Jöllenbeck and Reutenauer have found a simple algebraic proof, relying on the following formula, which we will also need in the sequel: Theorem 2.2 (Scharf-Thibon [12] ) Let X and Y be two independent sets of indeterminates, and set
Theorem 1.1 is a simple consequence of the above results. The easiest way to derive it is to make use of a classical "λ-ring" trick for dealing with hook Schur functions. This works as follows. The argument X of a symmetric function is identified with the formal sum of its elements: X = x 1 + x 2 + · · ·. Then, X ∪ Y is identified with X + Y , and one can define XY = i,j x i y j . The power-sums behave then as ring homomorphisms: p n (X + Y ) = p n (X) + p n (Y ) and p n (XY ) = p n (X)p n (Y ). Let q be another indeterminate. Under the specialization x k = q k−1 , X becomes identified with the power series (1 − q) −1 , with formal inverse 1 − q. The symmetric functions of 1 − q are then specified by the condition p n (1 − q) = 1 − q n . With this notation, we can state the well-known identity
3 Proof of Theorem 1.1
Since r (n−k,1 k ) = s (n−k,1 k ) , we have by Theorem 2.1 and (1)
(by Theorem 2.2). But p α (1 − q)| q=−1 is zero as soon as α has an even part, and is equal to 2 l(α) otherwise, where l(α) is the length of α. Hence,
The previous calculation can be carried out without setting q = −1, and this yields the enumeration of unimodal permutations according to cycle type and position of the maximum. Setting u α (q) = k u α,k q k where u α,k = s (n−k,1 k ) , L α is the number of elements of U n with cycle type α and maximum at m = n − k, we find
(after some simple transformations), and setting
we obtain
The first values of the a nk are given by
Unimodal permutations and iterated brackets
One way to generate the set of unimodal permutations is to expand the iterated Lie bracket
where ν(σ) = (−1) k if the descent composition of σ is (n − k, 1 k ). Clearly, replacing the bracket by its q-analogue [a, b] q = ab − qba leads to the same formula, with ν replaced by ν q (σ) = (−q) k . In [1] , Blessenohl and Laue prove the following identity:
where C α denotes the set of permutations of cycle type α. This result can be easily derived from a calculation of symmetric functions. Indeed,
This scalar product is non zero only when the power-sum expansion of L α contains a term proportional to p n , which is the case only when the product
where the term involving p n is
whence the result. The most natural q-analogue of (4) would be the evaluation of
By Theorem 2.2, we see that this is precisely the content of Theorem 4.1, for
Products of unimodal permutations
The properties of unimodal permutations are directly related to quasi-symmetric functions [4] and noncommutative symmetric functions [3, 8] . To give one more example, let us remark that the result of Kreweras [7] that any unimodal permutation of S n is, in exactly n ways, the product of two unimodal permutations, appears now as a special case of Corollary 5.9 of [8] , describing the product U n (x)U n (y) in the group algebra, where
The coefficient of σ in the product is y r [r + 1] x/y + x r+1 [n − r − 1] xy if C(σ) = (n − r, 1 r ) (unimodal case), x r+s−1 y t+s−1 (y + 1) if C(σ) = (n − r − s − t, 1 t , s, 1 r ) (bimodal case), and 0 otherwise (here, [n] q = (1 − q n )/(1 − q)).
Grassmannian permutations
All the calculations in this paper could be easily adapted to treat the case of Grassmannian permutations, i.e. permutations with at most one descent. The relevant specialization would be here X = 1 + q.
